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Institut de Mécanique des Fluides de Toulouse, UMR5502, France

DOI 10.1002/aic.11290
Published online September 6, 2007 in Wiley InterScience (www.interscience.wiley.com).

Experimental analysis and numerical simulation of hydrodynamics and mass transfer
in a turbulent oxygen–water bubbly shear layer is presented. The experimental data
presents the structure of the averaged and fluctuating velocity fields as well as those of
the gas volumetric fraction and the local dissolved oxygen concentration. Numerical
simulations have been performed using Euler–Euler two-fluid model that provides
some specific modeling adapted for gas–liquid bubbly flows and allows a reasonable
representation of the two-phase flow structure (fields of average velocities and volu-
metric fractions of the two phases) as well as the important modulation of the turbu-
lence in the two-phase flow. With the improvements of two-phase flow prediction, the
averaged oxygen concentration field is also well predicted. The analysis of these
results supports the pertinence of some improvements in two-phase flow modeling and
allows some proposals for further progress in the development of more general multi-
phase models for complex gas–liquid systems. � 2007 American Institute of Chemical Engi-

neers AIChE J, 53: 2742–2753, 2007
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Introduction

Gas–liquid bubbly systems are used in many industrial
processes in order to perform mass and heat transfers. In
these multiphase systems, the interfacial interactions and
exchanges most often impose the technology of the process
itself. Bubbly reactor processes include, for example, fermen-
tation, bio-oxygenation, production of proteins, and waste-

water treatment. In the classical bubbly reactors (bubble col-
umn, or gas-lift) the efficiency depends on the efficiency of
the mixing and of the interfacial transfer rates. The mass and
energy transfer depend on the diameters of the bubbles and
on their velocities, as well as on the hydrodynamics of the
liquid phase which ensures the dispersion of the bubbles. If
chemical reactions occur in the liquid phase, the micromixing
of the chemical species and their reaction are also strongly
controlled by the hydrodynamics of the liquid phase. More-
over, industrial bubbly reactors may employ impellers, or
complex geometrical configurations, which complicate the
fluid dynamics. The optimization and the upgrade of these
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industrial processes need a better knowledge of the physical
mechanisms at the local scale (at the bubble scale typically).
Local computational fluid dynamics (CFD) is thus a useful
tool and the development of general models for gas–liquid
systems represents a crucial interest.

A large theoretical, experimental, and numerical amount of
research has been carried out on this subject during the two
last decades. The research in the domain of bubbly flows has
enhanced our understanding of the physical phenomena that
control the interfacial interactions between the gas and the
liquid phases and has contributed to the development of local
two-fluid models applied to industrial gas–liquid systems.1–3

In the models, the authors attempt to take into account the
two-way coupling between the gas and liquid phases in order
to represent the modification of the dynamics of the continu-
ous liquid phase by the bubble presence. Despite the progress
achieved in this field, some key-points of the two-fluid
Euler–Euler models are still questionable. They are related,
at first, to the accurate modeling of the turbulence in gas–liq-
uid bubbly flows and especially to turbulent viscosity mod-
els.4 The prediction of mass transfer and mixing of chemical
species in bubbly flows is also still a challenge, mainly
because the interfacial transfer rates in a bubble swarm do
not follow the interfacial transfer laws valid for isolated bub-
bles in general. The mean relative velocity of bubbles in
swarms and the mass transfer rate may be strongly modified
by the interactions between the bubbles.5,6

On the other hand, experimental results on mass transfer
and passive scalar mixing in bubbly flows are quite scarce
because of the limitations of measurement methods in bubbly
flows, especially when mass transfer is in concern. To pro-
duce local experimental data on gas–liquid mass transfer,
new experiments in a turbulent buoyant bubbly shear layer
were performed using the experimental set-up developed by
Larue de Tournemine.7 The bubbly flow is composed of oxy-
gen as the gas phase and water as the continuous liquid one.
We have characterized the local hydrodynamics of both
phases as well as the local concentration of dissolved oxy-
gen. The flow could be considered as representative of some
industrial complexities that happen in industrial gas–liquid
reactors. Indeed, because of the non-negligible void fraction,
and to the nonhomogeneous injection of the bubbles, the dy-
namics of the flow involve a deep two-way coupling. Previ-
ous experimental investigation indicated that this flow config-
uration is deeply influenced by bubble-induced turbulence at
small length scales.8 The relative motion of the bubbles due
to gravity is at the origin of this complex bubble-induced tur-
bulence. On another side, due to the non homogeneous injec-
tion, the flow is also modified at the largest scales by buoy-
ancy effects. In addition, the flow evolves gradually enough
to allow detailed experimental investigation.

In the present contribution, numerical simulations have
also been performed using Euler–Euler two-fluid modeling
developed by Chahed et al.9 and Bellakhal et al.10–11 The
turbulence modulation of the liquid phase due to the bubble
presence is still an important issue in the closure of two-fluid
model equations. Sato et al.12 and Lopez de Bertodano
et al.13 have proposed specific models that modify the eddy
viscosity of the liquid phase because of the relative move-
ments of the bubbles. But these models are limited and can
only predict increases of the eddy viscosity because of the

influence of the bubbles, whereas some experimental results
show that a decrease of the eddy viscosity can also be
observed due to the presence of the bubbles.14 In the present
model, the turbulence closure is based on a separation of the
shear-induced turbulence and bubble-induced turbulence for
which specific transport equations are modeled. In this
model, two time scales are involved in the turbulent trans-
port. As in single-phase flow, a time scale related to the
eddy stretching and, specific to two-phase flow, a time scale
related to the bubble relative movements. This turbulence
closure leads to the development of second order and first
order turbulence models that succeeded in reproducing the
experimental data in many basic turbulent bubbly flows with
low and moderate void fractions (homogeneous turbulence,
shear layers,9 and wall-bounded bubbly flows15).

Another crucial point in bubbly flow modeling concerns the
formulation of the interfacial momentum exchange. The distri-
bution of the void fraction in nonhomogeneous bubbly flows
is controlled by the force exerted by the continuous phase on
the bubbles as they move throughout the liquid. The averaged
force depends on the averaged and fluctuating flow fields of
the liquid and of the gas. The turbulent contribution to the
interfacial momentum transfer is not often modeled, while it
can be essential in the prediction of the bubbles distribu-
tion.16–19 In the present two-fluid model, the turbulent contri-
bution of the added mass force to the interfacial momentum
transfer term is taken into account following Chahed et al.15

Finally, when mass transfer is in concern, the transport
equation of a passive scalar (here the dissolved oxygen con-
centration in the liquid) requires closures for the turbulent
transport in the bulk of the continuous phase and for mass
transfer through the gas–liquid interface. In this article we
test a specific model for the turbulent diffusivity of the con-
centration. The mass transfer rate is proportional to the local
volumetric interfacial area which is the surface of the inter-
face per unit volume. So, for fixed size and shape of the bub-
bles, the accurate prediction of the phase distribution is
essential for its estimation. We have thus tested the effect of
various closure laws for the interfacial momentum transfer on
the global prediction of the flow. The global transfer rate coef-
ficient also involves a local time scale related to interface
renewal. This time scale could depend on the turbulence struc-
ture at the scale of the bubble, but the present knowledge about
the turbulence effects on the mass transfer around an isolated
bubble, as well as the knowledge about the turbulence structure
inside a swarm of bubbles, is far too limited to build a mass
transfer model for a bubble in a swarm. In this contribution,
we have thus considered that the mass transfer coefficient is
given by an empirical correlation or by Higbie’s relation.

Eulerian–Eulerian Two-Fluid Model for
Turbulent Gas–Liquid Bubbly Flows

The Eulerian–Eulerian two-fluid model proposed in
Chahed et al.9,15,20 (with different levels of the turbulence
closures) provides some specific modeling adapted for gas–
liquid bubbly flows. The turbulence modeling has been
improved to take into account the bubble-induced turbulence,
and the interfacial momentum transfer is better described,
including a turbulent contribution of the added mass forces.
This two-fluid model allows an accurate representation of the
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velocity fields and of the void fraction in basic bubbly flows
with moderate void fractions. It has been tested successfully
up to 10% of void fraction. In this article, we use this model
for the prediction of mass transfer in gas–liquid systems. We
first present the two-fluid model equations and we then
describe the closure laws that we have used for the transport
equations (momentum, turbulence, and passive scalar).

Basic equations of the two-fluid model

We note a ¼< vG > the void fraction which represents the
volumetric fraction of gas obtained by applying ensemble
averaging to the characteristic function vGðxi; tÞ of the gas
phase (vGðxi; tÞ ¼ 1 in the gas phase and vGðxi; tÞ ¼ 0 else-
where). Neglecting the interface thickness, we may ex-
press the characteristic function of the liquid as
vLðxi; tÞ ¼ 1� vGðxi; tÞ. Thus, ð1� aÞ ¼ < vLðxi; tÞ > is the
volume fraction of the liquid phase. We note uLi; pL; qL,
respectively, the i component of the liquid velocity, the pres-
sure, and the density of the liquid phase. With the subscript
G these variables are related to the gas phase. We define for
each eulerian variable ukðxi; tÞ in the phase k (k 5 L or G),
the average value uk in the phase k as: akuk ¼ < vkuk >
and its fluctuation u0

k ¼ uk � uk where\.[means ensemble
averaging.

We consider turbulent gas–liquid bubbly flow with low
solubility of the gas in the liquid. So that we may consider
that mass transfer has no effect on the mass and momentum
balances. We assume that no coalescence or break-up occur,
in these conditions we consider that the bubble diameter is
still roughly constant.

The mass and momentum balances averaged in the liquid
and the gas phase are thus given by the following relations.

In the liquid:

@

@t
ðð1� aÞqLÞ þ

@

@xi
ðð1� aÞqLuLiÞ ¼ 0 (1)

qLð1� aÞDuLi
Dt

¼ ð1� aÞ @

@xj
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�
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�

þ qLð1� aÞgi �MGið2Þ
In the gas:
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where D
Dt ¼ @

@t þ uLi
@
@xi

and d
dt ¼ @

@t þ uGi
@
@xi

are respectively
the material derivatives according to the liquid and to the gas
mean velocities. rLij and rGij are respectively the stress ten-
sor of the liquid and of the gas. For Newtonian fluids they

write rkij ¼ �pkdij þ 2lk
h
@uki
@xj

þ @ukj
@xi

i
where lk is the dynamic

molecular viscosity; u0Liu
0
Lj and u0Giu

0
Gj are the Reynolds stress

tensors of the liquid and of the gas and MGi is the ith
component of the interfacial momentum transfer rate from
the gas to the liquid.

If we neglect the density of the gas in comparison with
the density of the liquid, Eq. 4 indicate that the total local

density of the force exerted on the bubbles is zero. This
equation is written in the form:

0 ¼ a
@

@xj
rð0ÞLij þMGi (5)

where rð0ÞLij is the liquid stress field of the ‘‘nonperturbed’’
flow and the interfacial momentum exchange MGi represents
the contribution of the ‘‘disturbed’’ flow.21,22 The ‘‘nonper-
turbed’’ contribution would be present even in the absence of
any material interface, it is identified here to the action of

the local shear stress of the continuous phase
�
rð0ÞLij � rLij

�
.

Equations 1–4 represent the basic equations of the two-
fluid model. This model requires closures for the Reynolds

stress tensors of the liquid and gas phases, u0Liu
0
Lj and u0Giu

0
Gj,

and for the momentum transfer term MGi
.

Closure of the two-fluid model

Interfacial Momentum Transfer Modeling. As mentioned
earlier, the interfacial momentum exchange MGi corresponds
to the contribution of the ‘‘disturbed’’ flow around the bub-
bles to the density of the total force exerted by the liquid on
the bubble. The interfacial momentum transfer term is writ-
ten by averaging the force exerted by the fluid on the bub-
bles. In the common formulation of the momentum interfa-
cial exchange, only the contributions due to the averaged ve-
locity fields of the liquid and of the gas phases are
considered while the turbulent contributions of the interfacial
force are ignored, or eventually expressed via a supplemen-
tary dispersion term proportional to the void fraction gradi-
ent.18 A previous experimental analysis of bubbly pipe flow
in microgravity conditions showed that these models are
incomplete, and that a nonlinear added mass term improves
greatly the closure law of the momentum transfer.15 This
term comprises a diffusion effect proportional to the void
fraction gradient which may be interpreted as a drift veloc-
ity.19 The formulation for the average density (per unit vol-
ume) of the force exerted by the fluid on the bubbles is then
modeled as follows:

MGi ¼ � 3

4
aqL

CD

d
kuRkuRi � 2aqLCLFxLij 3 uRj

� aqLCA

� d

dt
uGi � D

Dt
uLi

�
� qLCA

@

@xj

h
aðu0Giu0Gj � u0Liu

0
LjÞ

i
ð6Þ

This interfacial momentum transfer model contains respec-
tively the well known drag (coefficient CD), added mass
(coefficient CA), and lift (coefficient CLF) averaged forces
and a specific turbulent term which comes from the averag-
ing of the added mass term (last term).

Turbulence Modeling. The turbulence closure is based on
a ‘‘three-equations’’ turbulence model developed for turbulent
bubbly flows and described in details in Bellakhal et al.10 It
consists in a reduction of a second order turbulence model
discussed in Chahed et al.9 In this model, the Reynolds stress
tensor of the continuous phase is split into two parts which
are assumed statistically independent: a turbulent part
produced by the gradient of the mean velocity and by the
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bubbles’ wakes denoted u0Liu
0
Lj ð0Þ, and a pseudo-turbulent

part induced by the bubbles displacements and controlled by

the added-mass effects denoted u0Liu
0
Lj ðSÞ. We thus write:

u0Liu
0
Lj ¼ u0Liu

0
Lj ð0Þ þ u0Liu

0
Lj ðSÞ

Both components of the Reynolds stress tensor are mod-
eled using specific transport equations. In this second order
turbulence model, two time scales are involved in the turbu-
lent transport. A time scale related to the eddy stretching
st ¼ k0

e0
and a time scale related to the bubble relative move-

ments sb ¼ CR
d
UR
. CR is a constant which has been adjusted

from the experimental data in homogeneous turbulence with
uniform shear.9

According to the second order turbulence closure, the sim-
plified balance between production and redistribution in the
shear stress transport equation allows the formulation of an
original expression of the turbulent viscosity in bubbly flow
in the form:

mt ¼ Cl0
k20
e0

ð1þ Clb

Cl0

ks
k0
Þ

ð1þ a st
sb
Þ ¼ mt0

ð1þ Clb

Cl0

ks
k0
Þ

ð1þ a st
sb
Þ (7)

where Cl0 and Clb are coefficients depending on the turbu-
lence and pseudo-turbulence anisotropy. The ratio of these
coefficients is of order of unity. We note mto ¼ Cl0

k2
0

e0
and

take Cl0 equal to 0.09 as in single-phase flow turbulence
modeling. It should be observed that for dispersed phase
with small relative velocity or very low void fraction, the
pseudo-turbulence is weak and Eq. 7 gives the turbulent vis-
cosity of the equivalent single-phase flow mto.

The turbulent viscosity formulation (Eq. 7) expresses two
effects of the bubbles agitation on the turbulent viscosity: the
bubbles agitation induces on one hand an enhancement of
the turbulent viscosity and on the other hand a modification
of the eddies stretching characteristic scale that causes more
isotropy of the turbulence with an attenuation of the shear
stress (denominator of Eq. 7). As a result, depending on
which of these two effects dominates, the turbulent shear
stress in bubbly flow can be more or less important than the
corresponding one in the equivalent single-phase flow. In the
case where the turbulent shear stress is reduced, the turbu-
lence production by the mean velocity gradient is lower and
we can expect, under certain conditions, an attenuation of the
turbulence as observed in some wall bounded bubbly
flows.14,23

On the basis of this turbulent viscosity formulation, a first
order closure is developed.11 The turbulent part of the Reyn-
olds stress tensor is thus expressed using the turbulent viscos-
ity concept according to Boussinesq hypothesis:

u0Liu
0
Lj ð0Þ ¼ �mt

@uLi
@xj

þ @uLj
@xi

�
þ 2

3
k0dij

�

The transport equation of the turbulent kinetic energy

k0 ¼ 1
2
u0Liu

0
Li ð0Þ is deduced from second order closure devel-

oped in a formal way quite similar to single-phase flow clo-
sure procedures, except that specific interfacial effects are
taken into account.

The pseudo-turbulent contribution is based on a theoretical
solution in potential homogenous bubbly flow given by Bie-
sheuvel and van Wijngaarden,24 and the fluctuations are
attributed to the added mass effects. According to their anal-
ysis we take:

in (x, y, z) coordinates, where ks ¼ 1
2
u0Liu

0
Li ðsÞ is the kinetic

energy of the pseudo-turbulence and z is the vertical direc-
tion aligned with the mean relative velocity. The model for
the transport equation of ks is discussed in the following.

The modeled transport equations of the turbulent energy
k0, of the viscous dissipation rate e0, and of the pseudo-turbu-
lent energy ks are written as in Bellakhal et al.11:

D

Dt
k0 ¼ Csk

ð1� aÞ
@

@xj
ð1� aÞðstk0 þ sbksÞ @k0

@xj
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@ui
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þ e0
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C1emt
@ui
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�
� C2ee0

�
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��

D

Dt
ks ¼ Csk

ð1� aÞ
@

@xj
ð1� aÞðstk0 þ sbksÞ @ks

@xj

� �

þ CA

2

D

Dt
aj uR�!j2

� �
ð10Þ

In the transport equations, the diffusion terms are modeled
using a gradient law with a diffusion coefficient which
includes the equivalent single-phase turbulent effect
Cs/stk0 ¼ mt0

r/
, and a supplementary diffusivity due to the bub-

bles displacements, mb
r/

¼ Cs/sbks � Cb

r/
adUR, that agrees with

the expression proposed by Sato et al.12 This model for dif-
fusion also comes from a reduction of the second order gen-
eral closure of the diffusion term in which the two time
scales (st and sb) were introduced. We may notice once more
that for a dispersed phase with small relative velocity or very
low void fraction, the diffusion term reduces to the single-
phase model.

The transport equations of the turbulent part (Eq. 8) for
the kinetic energy and (Eq. 9) of the viscous dissipation rate
are formally quite similar to single-phase flow turbulence
model but the diffusion and production terms take into
account the interfacial effects. Moreover, the interfacial
transfer of energy due to the power developed by the mean
drag force in the relative movement does not appear explic-
itly in these relations because we have adopted as an
assumption the suggestion of Lance and Bataille25 of equilib-
rium between the production in the wakes with the extra-dis-
sipation in the wakes. e0 is thus the dissipation at the small
scales resulting from the energetic cascade.

u0Liu
0
Lj ðSÞ ¼ 1

5

4 0 0

0 3 0

0 0 3

2
4

3
5ks
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The last term in the right hand side of Eq. 10 for the
pseudo-turbulent kinetic energy thus represents the interfacial
production due to added mass forces in the relative move-
ments. Equation 10 allows the advection and the diffusion,
without dissipation of this bubble-induced kinetic energy pro-
duced by the relative movements.

The constants of the turbulence model have the values cur-
rently adopted for single-phase turbulence closure. The vari-
ous coefficients introduced in the turbulent closure laws are
reported in Table 1.

Transport Equation of Oxygen Concentration. The trans-
port equation of a passive scalar requires closures for the tur-
bulent transport and for mass transfer through the gas–liquid
interface. Using the turbulent diffusion model presented ear-
lier, the transport equation of the oxygen concentration in the
liquid CL is modeled as follows:

D

Dt
CL ¼ Csc

ð1� aÞ
@

@xj
ð1� aÞðstk0 þ sbksÞ @CL

@xj

� �
þ Sc (11)

The left hand side term represents the mean flow convec-
tion; on the right-hand side we have respectively the diffu-
sion term and the interfacial mass transfer term. There are
numerous formulations of mass transfer in gas–liquid flow.
All of them come down to a general formulation of the gen-
eral mass flux:

Sc ¼ kLaðC�
L � CLÞ (12)

where kL is the transfer coefficient, C�
L is the concentration

of oxygen in the liquid at saturation, a is the interfacial area,
which is the surface of the interfaces per unit volume, and
CL the concentration far away from the interfaces. In mono-
disperse bubbly flows with spherical bubbles, the volumetric
interfacial area is proportional to the void fraction and inver-
sely proportional to the bubble diameter (a ¼ 6a

d ) which indi-
cates the important role of the bubble diameter and of its dis-
tribution in the computation of the local mass transfer.
Neglecting the curvature effects, we equate the pressures in
both phases and Henry’s law for pure oxygen bubbles gives:
C�
L ¼ PL

H with H 5 74.68 MPa l/mol.
As a model of the transfer coefficient kL we have used the

relation given by Brauer26 (in Mewes and Wiemann27). It
relates the Sherwood number Sh ¼ kLd

D to the Reynolds num-
ber of the relative movement Re ¼ URd

v
and to the Schmidt

number Sc ¼ v
D. The diameter of the bubbles is denoted d,

UR their relative velocity, v the molecular viscosity, and D is
the gas–liquid diffusivity (D 5 2.2 3 1029 m2 s22 for oxygen
in water). We thus take:

Sh ¼ Sh1 1þ 0:433 Re2
� 	�1 þ 4:23
h i�0:055

with Sh1 ¼ 2þ 0:651ðRe ScÞ1:72
1þ ðRe ScÞ1:22 ð13Þ

Experimental Study

Experimental set up

The experiment set-up that we used is a quite general set-
up developed to study bubbly flows from homogeneous ones
to shear layers configurations.7 It is described in details in
Roig and Larue de Tournemine.28 It consists of a vertical
square section channel (0.3 3 0.15 m2) of 3 m length, where
the upward gas-water flows develop. It is operated at ambient
pressure and temperature conditions. At the entrance of this
channel, the inlet section is divided into two independent
feeding systems on both sides of a splitter plate (2.5 mm of
thickness). They consist of 0.15 3 0.15 m2 sections, where
576 capillary tubes (0.33 mm internal diameter) generate the
bubbles. The injectors are uniformly spaced with a distance
between two injectors of 6 mm. In the present experiments
the gas was pure oxygen. In each feeding system, the gas
and liquid flow rates can be adjusted independently. We can
perform bubbly flows with void fraction up to 20% and liq-
uid velocities up to 1 m/s. Water circulates in a closed loop.
It is pumped from an underground reserve of capacity
400 m3, sufficiently large to ensure the stabilization of the
temperature and of the concentration of dissolved oxygen
during the experimentation.

The experimental conditions reported in this article are
described in Table 2. The flow is a mixing layer with a liq-
uid flow (water) in the high velocity side, and a gas–liquid
(oxygen–water) bubbly flow in the low velocity side (see
Figure 1 for a schematic diagram of the experimental condi-
tions). The coordinate system is described in Figure 1. The
inlet section is located at x 5 0. Visual observation confirms
that the flow is 2D in the vertical (x,y) plane (Figure 2).

Measurements have been performed at various longitudinal
and transversal positions in order to investigate the spatial
development of the flow. We report on Figure 3 the mea-
sured mean diameters and rms values of the diameters of the
bubbles. These diameters evolve in a small range. The asso-
ciated relative motions are at Reynolds numbers of about
500 based on the terminal velocity and bubble diameter. A
transport model for the interfacial area would be interesting
to test whether the mass transfer is sensitive to these varia-
tions. In the present contribution we consider that the sizes
of the bubbles are constant.

Measurement methods

Measurement methods for hydrodynamic characterization
have been developed in our laboratory for several years. We
use classically a hot film for the measurements of the vertical
velocity of the liquid uLx(t), and a double optical fibber probe

Table 1. Coefficients for the Turbulence Model

CR 0.67
Cl0 0.09
Clb 0.09
rk 1.0
re 1.3
C1e 1.44
C2e 1.92
rc 0.75

Table 2. Experimental Inlet Conditions

Liquid velocity at the inlet, side 1 0.57 m/s
Liquid velocity at the inlet, side 2 0.29 m/s
Mean void fraction, side 1 0
Mean void fraction, side 2 2%
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for the measurement of the vertical velocity of the bubbles,
of their sizes and of the void fraction.28,29 The bubbles diam-
eters are estimated from the chords intercepted by the optical
probe, assuming a spherical shape.30

In this present work, original local experimental measure-
ments of the dissolved oxygen concentration in the liquid
were performed. The measurements were made using an Uni-
sense local probe. The Unisense oxygen probe is a Clark-
type oxygen microsensor with a miniature sensitive tip (di-
ameter of 20–30 lm) which makes it possible to make high
spatial resolution measurements. In return, the temporal reso-
lution of this probe is limited, so that we have just access to
the averaged values of the dissolved oxygen concentration.

Results and Discussion

The numerical simulations have been performed after
implementation of our closure model in the two-dimensional
eulerian code Melodif developed by EdF.17,31–33 It is based
on finite difference discretization. The vertical length of the
computational domain is 3 m long and the transverse length
is 0.3 m. The discrete grid has 101 longitudinal nodes and
91 transverse nodes. We made preliminary tests to ensure
that the solution was independent of the grid. Wall condi-
tions are applied on the lateral boundaries, the upper bound-
ary is an outlet boundary. The inlet section for the calculus
corresponds to a real section located 0.05 m downstream of
the splitter plate. The mean velocities of the liquid ðuLx exp)
and of the bubbles, the void fraction and the concentration of
dissolved oxygen are given from experiments at this inlet
section. Turbulent inlet conditions are defined as explained
in the following. Measurements give access only to the var-
iance of the longitudinal velocity ðu0Lx2Þexp, while we have to
give k0, ks, and e0. To prescribe the turbulent part k0, we use
a turbulent intensity profile ItspðyÞ ¼

ffiffiffi
k

p
=u obtained from a

single-phase flow simulation. We assume that the turbulent
intensity is similar in both flows at the entrance, and we take
for the bubbly case k0 ¼ It2spuLx2exp. Then the dissipation rate
e0 is prescribed by mt0 5 150m which proved to lead to a
good prediction of the single-phase flow development as
compared to experiments (not shown here). We take

k ¼ k0 þ ks ¼ 3
2
ðu0Lx2Þexp, which gives us the inlet conditions

for the pseudo-turbulent part kS
.

Figure 2. View of a bubbly shear layer flow similar to
the present case.

Figure 3. Average and rms bubble diameter measured
in the bubbly mixing layer.

x 5 5 cm !, 20 cm n, 50 cm $, 80 cm l, 120 cm ^.

Figure 1. Schematic diagram of the experimental con-
ditions (ys is the visual frontier of the bubbly
flow).
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In this model, the bubble diameter is set equal to 1.8 mm
which represents the average bubble diameter observed in
the experiments.

Previous simulations of a bubbly wake with various inter-
facial momentum transfer models allowed to analyze the
interfacial forces controlling bubbles migration. We kept in
these simulations the same interfacial closure laws as in
Chahed et al.15 The lift is calculated with a coefficient (CLF

5 0.25), the added mass coefficient is CA 5 0.5, the turbu-
lent stress tensor of the gas is set proportional to the liquid
one through a proportionality factor fixed from the experi-
mental data (see next paragraph), and the drag force is calcu-
lated with the following drag coefficient34:

CD ¼ 2

3
E€o0:5 (14)

where Eö is the Eötvös number E€o ¼ gðq1 � qgÞd2=r; r is
the surface tension (0.072 N m21 for gas/water).

Mean flow: hydrodynamic and phase distribution

The injection of bubbles on just one side of the shear layer
induces an acceleration of the bubbly side, and, due to the
confinement and the conservation of mass, induces a deceler-
ation of the single-phase side (Figure 4). A systematic accel-
eration of the bubbly side has been observed in various shear
layer configurations. It is a buoyancy effect, where the bub-
bly side behaves like an equivalent lighter fluid.8 This strong
effect leads to a downstream evolution of the velocity differ-
ence across the mixing layer DULðxÞ ¼ UL1ðxÞ � UL2ðxÞ
(where UL1ðxÞ and UL2ðxÞ are the averaged velocities in the
external cores defined as the regions where u is nearly homo-
geneous in the transverse direction). In this flow, buoyancy
leads to the inversion of the velocity gradient far from the
inlet section. This behavior is globally well predicted by the

two-fluid model. Detailed comparison between the experi-
mental results and the numerical predictions is not perfect,
but the longitudinal location of the inversion of the velocity
profile, and the accelerations outside of the mixing zone are
well reproduced. The small peak of the mean velocity
located near y 5 0 at the measuring sections near the inlet is
due to a small nonuniformity of the injection system. It
attenuates downstream and has no major effect because of
the strong acceleration of the flow. In the last two sections of
measurement, the transverse velocity of the fluid is over-esti-
mated. To understand the buoyancy effect, we can rewrite
the two-fluid momentum equations given for the gas–liquid
flow (Eqs. 2 and 5), neglecting the viscous stress as com-
pared to the turbulent correlations. The momentum equations
(2) of the liquid then may be rewritten in the form:

qLð1� aÞDuLi
Dt

¼ � @

@xi
p� qL

@

@xj

h
ð1� aÞu0Liu0Lj

i

þ qLð1� aÞgi ð15Þ

Equation 15 shows up the fact that the liquid movement is
submitted to a buoyancy force qLð1� aÞgx which explains
the acceleration of the bubbly side of the mixing layer along
the x axis. Therefore, the accurate prediction of the trans-
verse void fraction distribution is an important issue in the
prediction of this bubbly flow.

We may indeed verify that the distribution of void fraction
is quite well reproduced by the model (Figure 5). The simu-
lation reproduces the transverse migration of the bubbles and
the attenuation of the initial peak located at y 5 0.02 m,
which is the memory of the accumulation of the bubbles in
the near wake of the splitter plate or of clustering in the
shear layer near the inlet. Because of the decrease of DULðxÞ
in the downstream direction, the capture of bubbles by large
scales of the shear layer is not efficient enough to form clus-
ters. Near the wall the model generates a peak of void frac-
tion of about 6% which is expected,35 but was not measured
because we did not investigate the region near the wall.

Figure 4. Liquid mean velocity profiles in the bubbly
mixing layer.

Symbols, experimental results; lines, numerical prediction.
x 5 5 cm !, 20 cm n, 50 cm $, 80 cm l, 120 cm ^; x
5 5 cm , 20 cm , 50 cm , 80 cm , 120
cm .

Figure 5. Void fraction profiles in the bubbly mixing
layer.

X 5 5 cm !, 20 cm n, 50 cm $, 80 cm l, 120 cm ^.
Symbols, experimental results; lines, numerical prediction.
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The quality of the prediction of the void fraction is strongly
related to the model of the interfacial momentum transfer. In
fact, the phase distribution in a bubbly flow is governed by the
momentum transfer between the two phases as discussed in the
following. With the closure of the momentum transfer given by
Eq. 6, the momentum equation (5) of the gas writes:

0¼a
@p

@xi
þ3

4
aqL

CD

d
kuRkuRiþ2aqLCLFxLij3uRj

þaqLCA

� d

dt
uGi� D

Dt
uLi

��
þqLCA

@

@xj

h
a
�
u0Giu

0
Gj�u0Liu

0
Lj

�i
(16)

According to Eq. 16, the force exerted by the liquid on the
bubbles comprises the turbulent correlations issued from the
added mass force on the bubbles. The turbulent contribution
of the added mass force contains the turbulent correlations of
the liquid and of the gas. So we have to provide closures not
only for the turbulence in the liquid but also for the turbu-
lence of the gas. In the present contribution we have a crude
model for the turbulence of the gas phase. In a homogeneous
bubble-induced turbulence even at low void fraction (2%),
Tchen’s theory of turbulent dispersion does not hold.7 This is
because the relation between the fluctuating motions of both
phases is not only a problem of ‘‘one-way coupling’’
response of the bubbles to the liquid fluctuating excitation.
The Lagrangian properties of the bubble-induced turbulence
are moreover not known, and are undoubtedly strongly modi-
fied. In our experimental conditions, the bubble-induced tur-
bulence is also noticeable, and we have thus just assumed
that the kinetic tensor of the dispersed phase is proportional
to the Reynolds tensor, which is reasonable. But we take a
constant value for the proportionality ratio, which is a crude
approximation. We used the experimental results obtained in
the mixing layer to fix the order of magnitude of this ratio
(Figure 6). We take for each diagonal component (i=j)

u0Giu
0
Gj

.
u0Liu

0
Lj ¼ r with r equal to 3, and the shear stresses of

both phases are taken equal.

The relative velocity of the bubbles is plotted on Figure 7.
Its prediction results from the resolution of the momentum
balances in both phases. But the numerical prediction stays
very close to the terminal velocity, whatever the position of
the bubbles, that is, whatever the spatial accelerations and
gradients. Thus, the predicted relative movement is mainly
associated to an equilibrium between the drag (whose coeffi-
cient is given in Eq. 14) and the buoyancy force on a bubble.
Only the global value of the relative velocity compares
favorably with the experimental results. The global evolution
observed in the experimental measurements with the longitu-
dinal position x, is related to the evolution of the diameters,
and thus cannot be reproduced in our formulation. Moreover,
the decrease of the experimental relative velocity in the
region near y 5 0 at section x 5 0.2 m may be attributed to
a plausible capture of the bubbles in the coherent structures
of the mixing layer. It is not possible with our approach to
model such detailed interactions. Because of the decrease of
the velocity difference across the mixing layer, when x
increases, the ability of the flow to generate and propagate
coherent structures is undoubtedly destroyed, and such a cap-
ture is no longer present when x increases.

We also present a short discussion of the effects of the
various terms involved in the interfacial transfer of momen-
tum. Figure 8 presents the void fraction distribution predicted
for various closure laws departing from the usual one defined
previously and denoted case (c) in Figure 8. The void frac-
tion is not so sensitive to the closure laws at the lowest sec-
tions of measurement. But far from the entrance (x 5 120
cm), it is clear that taking into account only the drag force
(case (a)) is not sufficient to predict the void fraction. The
introduction of the averaged added mass force and its turbu-
lent contribution (case (b)) alone is neither satisfactory,
because the lift force, taken into account in case (c), partici-
pates to the transverse migration of the bubbles. In case (c)
the coefficient for turbulent added mass force r 5 3 is taken
as a mean value from the experiments. We know that such a

Figure 6. Ratio of the longitudinal variances of the

velocities of both phases
�
Rx ¼ u

0 2
Gx=u

0 2
Lx

�
.

Measurements x 5 5 cm !, 20 cm n, 50 cm $, 80 cm l,
120 cm^.

Figure 7. Average relative velocity of the bubbles in the
mixing layer.

X 5 5 cm !, 20 cm n, 50 cm $, 80 cm l, 120 cm ^.
Symbols, experimental results; lines, numerical prediction.
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model for the turbulence in the gas phase is very crude. The
experiments indicate that r increases with x (Figure 6), and
the maximum value of r given by Tchen’s theory is 9. So,
we have also tested the effect of a linear evolution of this ra-
tio r with the longitudinal direction, to take into account the
evolution of the response of the bubbles to the turbulence in
a flow where the turbulent length scales vary. This numerical
simulation, denoted case (d) also improves the agreement
with the void fraction measurements, and reveals that it is
important to improve the modeling of the turbulent added
mass force.

Turbulence in the liquid phase

The bubbly flows that we have investigated present deep
modulations of the turbulence. Figure 9 shows that the meas-
ured turbulent kinetic energy is largely modified in the bub-
bly core of the flow as compared to the single-phase core
because of the important contribution of the bubble-induced
turbulence. Such a modification, as well as changes of the in-
tegral scales in turbulent bubbly flows, has already been
observed in homogeneous bubbly flows or mixing layers.7,29

The turbulence in the liquid results either from the produc-
tion by the mean shear rate in the shear layer, and the mem-
ory of the inlet; or from the production by the bubbles, con-
sisting mainly in the production by their relative movement.
The effect of the production by the mean shear stress does
clearly explain the presence of a peak of turbulence in the
two first transverse profiles (x 5 5 and 20 cm). But down-
stream the competition between the various mechanisms con-
trolling the turbulence evolves due to the evolution of
DUL(x), and this introduces a key difficulty for the prediction
of the turbulence which is typical of this particular bubbly
flow configuration. The maximum of turbulent kinetic energy
disappears when DUL(x) vanishes. In the downstream
sections the turbulence is dominated by bubble-induced
turbulence.

The numerical results reproduce quite well the amount of
the turbulent kinetic energy in the bubbly mixing layer. The
turbulent energy k produced by the model is compared to the
longitudinal turbulent kinetic energy 3

2
u0Lx2 due to a lack of

measurements of the transverse components of the velocity
of the fluid. Figure 9 shows that the turbulence model is able
to predict with a quite good agreement as well the turbulent
kinetic energy in the two-phase external core of the mixing
layer as well as in the single-phase one. The discrepancy
between the numerical results and the experimental data in
the sheared region at x 5 20 cm may be related to the over-
estimation of DUL(x) in the numerical prediction. But a gen-

Figure 8. Sensitivity of the void fraction prediction to the closure laws for the interfacial transfer of momentum at
positions x 5 50 cm and 120 cm.

Symbols, experimental results; lines, numerical prediction with the following models: (a) CD ¼ 2
3
E€o0:5;CA ¼ 0;CLF ¼ 0; r ¼ 1, (b)

CD ¼ 2
3
E€o0:5;CA ¼ 0:5;CLF ¼ 0; r ¼ 2, (c) CD ¼ 2

3
E€o0:5;CA ¼ 0:5;CLF ¼ 0:25; r ¼ 3, (d) CD ¼ 2

3
E€o0:5;CA ¼ 0:5;CLF ¼ 0:25, r

increases linearly with x between 3 and 9.

Figure 9. Turbulent energy profiles in the bubbly mixing
layer.

X 5 5 cm !, 20 cm n, 50 cm $, 80 cm l, 120 cm ^.

Symbols, experimental results 3
2
u0 2Lx; lines, numerical predic-

tion of the fluctuating kinetic energy k.
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eral trend is correctly predicted: downstream the numerical
model predicts the attenuation and the transverse displace-
ment of the peak of k in agreement with the experimental
results. To obtain such a result, the whole turbulence model
is necessary. The improvements of the turbulence modeling,
particularly concerning the decomposition of the turbulent
energy in turbulent and pseudo-turbulent contributions, make
possible the computation of the scales involved in each
region of the flow, and allow the model to describe the
effects of the bubbles agitation on the turbulent shear stress.
Figure 10 shows the predicted turbulent viscosity divided by
vt0. The important values and variations of this ratio indicates
the important role of the scales involved in the relation (Eq.
7) giving the turbulent viscosity and thus its effect on the
turbulent shear stress. Unfortunately, we have no experimen-
tal data on the turbulent shear stress to discuss these numeri-
cal results. But the correct concordance between the numeri-
cal results and experimental data concerning the average ve-
locity fields indicates that the turbulent shear stress is
reasonably predicted. The under-estimation of the turbulence
in the external core regions from x 5 80 cm by numerical
simulation can be attributed for a part to the fact that we
compare the predicted value of k and the experimental value
3
2
u0Lx2 or may be to a lack in the closure of the interfacial

source term of Eq. 10 for the pseudo-turbulent kinetic energy
which proved to be negligible.

Turbulent scalar transport and mass transfer

The profiles of the concentration of dissolved oxygen in
the liquid are reported on Figure 11. The interfacial mass
transfer leads to the increase of the level of this concentra-
tion in the external bubbly core of the flow. A global trans-
verse displacement towards the bubbly side is also observed.
It is related to the transverse migration of the bubbles, and to
the transverse convection of the passive scalar in the liquid
phase. In the last two sections of measurements the predicted
concentration profiles are displaced laterally as compared to
the experimental results. This is an effect of an over-predic-

tion of the transverse convective transport by the liquid. For
y [ 0.12 m, and x [ 0.2 m, the prediction of the
concentration is not satisfactory due to the effect of the wall.
However, the model reproduces globally the concentration
field of the dissolved oxygen. The mechanisms for scalar
transport and mass transfer are taken into account but
improvements of the closure laws are necessary.

In this model, the interfacial mass transfer closure law
is controlled by the length and time scales of the relative
movements of the bubbles (Eq. 13). We have also tested
the model of Higbie used in chemical engineering:
Sh ¼ 2ffiffi

p
p Re0:5Sc0:5. It proved to over-estimate the mass transfer

(Figure 12). In the general case, due to the presence of
numerous velocity and length scales in bubbly flows, one can
expect that a more general model is needed for interfacial
mass transfer. But for our flow conditions, with a low void
fraction, and an important bubble-induced turbulence, the
interfacial transfer rate given by Eq. 13 are satisfactory. In
Figure 12 we have also reported some simulations using rela-
tion (Eq. 13) given by Brauer26 for the mass transfer rate,
but varying the bubble diameter. The results are not very
sensitive to the value of the bubble diameter in the range
1.6–1.9 mm, and are in satisfactory agreement with the ex-
perimental results.

Conclusion

In this contribution, we have reported new experimental
results characterizing the local hydrodynamics and mass
transfer in a complex flow consisting in a buoyant bubbly
shear layer. This flow contains strong variations of the void
fraction, important accelerations, and regions of deeply con-
trasted turbulence (in the single-phase part, in the shear layer
and in the bubbly core). The two-fluid Euler–Euler model
that we have used is nevertheless able to reproduce the com-
plex hydrodynamics of this bubbly flow, and gives satisfac-
tory prediction of the dissolved oxygen concentration.

Figure 10. Turbulent viscosity profiles in the bubbly
mixing layer.

Numerical prediction at x 5 5 cm , 20 cm , 50 cm
, 80 cm , 120 cm .

Figure 11. Profiles of the dissolved oxygen concentra-
tion in the bubbly mixing layer.

X 5 5 cm !, 20 cm n, 50 cm $, 80 cm l, 120 cm ^.
Symbols, experimental results; lines, numerical prediction.
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Some important questions still open to discussion will be
developed in future work. One concerns the research of a
more general scaling of the interfacial mass transfer. The
mass transfer coefficient involves local time scales in relation
with the mechanisms that control the interfacial transfer. For
instance Higbie model involves time scale related to the bub-
ble displacement. Nevertheless, the effect of turbulence, of
bubble deformation, and of impurities are not yet completely
explored even though some formulations based on turbulent
time scales were proposed for stirred gas–liquid systems and
validated against experimental investigations. In flows where
turbulence originating from the mean shear stress and bub-
ble-induced turbulence are in competition and interaction, it
will be important to propose models taking into account
simultaneously the scales associated to both mechanisms.
Some experiments in bubbly shear layers with stronger
shear-induced turbulence are planned to discuss this point.

Notation

a5 interfacial area
CA5 added mass coefficient
CD5drag coefficient
CLF5 lift coefficient
CL5oxygen concentration in the liquid

C�
L 5 concentration of oxygen in the liquid at saturation
d5mean bubble diameter
D5gas-liquid molecular diffusivity

Eö5Eötvös number

gi5 I component of the gravity

H5 constant of Henry

k05 turbulent kinetic energy

kL5mass transfer coefficient

kS5kinetic energy of the pseudo-turbulence

MGi5 i component of the interfacial momentum transfer rate form
the gas to the liquid

pL5pressure in the liquid phase

Re5Reynolds number of the relative movement

Sc5 interfacial mass transfer

Sc5Schmidt number
Sh5Sherwood number
uki5 i component of the velocity of phase k
uki 5 i component of the averaged velocity of phase k

UL1, UL25 averaged velocities in the external cores of the shear layer
uRi

5mean relative velocity
UR5norm of the relative velocity

u0Liu
0
Lj 5 component of the Reynolds tensor of the liquid (k 5 L) or

of the kinetic tensor (k 5 G)
u0Liu

0
Lj ð0Þ5 turbulent part of the Reynolds tensor produced by the gradi-

ent of the mean velocity and by the bubbles’ wakes
u0Liu

0
Lj ðSÞ5 pseudo-turbulent part of the Reynolds tensor induced by the

bubbles displacements

a5void fraction, gas hold-up

Figure 12. Profiles of the dissolved oxygen concentration in the bubbly mixing layer.

x 5 20 cm (a), 50 cm (b), 80 cm (c), 120 cm (d). Symbols, experimental results; lines, numerical prediction with the models of Higbie
or of Brauer26 and various bubble diameters.
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ak5volumetric fraction of phase k
e05viscous dissipation rate
vk5 characteristic function of phase k
lk5dynamic molecular viscosity of phase k
m5molecular viscosity of the liquid
mt5 turbulent viscosity
mt05 asymptotic turbulent viscosity (when ks ? 0 and sb >> st)
qk5density of phase k
r5 surface tension

rkij5 stress tensor of phase k

rð0ÞLij 5 stress tensor of the ‘‘non-perturbed’’ liquid flow
sb5 characteristic times scale of the relative movement
st5 characteristic times scale of the turbulence

xLij 5mean vorticity of the liquid
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